In a real-life scenario, it is undoable and unmanageable to solve a decision-making problem with the single stand-alone decision-aid method, expert assessment methodology or deterministic approaches. Such problems are often based on the suggestions or feedback of several experts. Usually, the feedback of these experts are heterogeneous imperfect information collected from various more or less reliable sources. In this paper, we introduce the concept of multi-sets over type-2 fuzzy sets. We have tried to propose an extension of type-1 multi-fuzzy sets into a type-2 multi-fuzzy set (T2MFS). After defining T2MFS, we discuss the algebraic properties of these sets including set-theoretic operations such as complement, union, intersection, and others with examples. Subsequently, we define two distance measures over these sets and illustrate a decision-making problem which uses the idea of type-2 multi-fuzzy sets. Furthermore, an application of a medical diagnosis system based on multi-criteria decision making of T2MFS is illustrated with a real-life case study.
Introduction
According to Cantor, a set is a well-defined collection of distinct objects, but let us see what happens if we consider a collection of objects where one or some or all objects occur more than once. The answer to this question is a different type of set known as multi-set or m-set which was first studied by Bruijn [1] . Afterwards, Yager [2] proposed a new and more generalized concept of multi-sets named as multi-fuzzy sets (MFS) which can deal with many real life problems with some degree of ease. Sebastian and Ramakrishnan [3] also studied multi-fuzzy sets and concluded that multi-fuzzy set theory is an extension of Zadeh's fuzzy set theory, Atanassov's intuitionistic fuzzy set theory and L-fuzzy set theory. Yang et al. [4] discussed applications of multi-fuzzy soft sets in decision making. Furthermore, Das et al. [5] proposed an approach of group multi-criteria decision-making using intuitionistic multi-fuzzy sets.
A type-2 fuzzy set (T2FS) is an extension of ordinary fuzzy sets, i.e., type-1 fuzzy set (T1FS). The membership value of a type-1 fuzzy set is a real number in the closed interval [0, 1] . On the other hand, the membership value of a T2FS is a type-1 fuzzy set. The concept of T2FS was introduced by Zadeh [6] [7] [8] . Mizumoto and Tanaka [9, 10] , and Dubois and Prade [11] investigated the logical operations of T2FS. Later, many researchers did a lot of theoretical work on the properties of T2FS [12] [13] [14] and figured out many applications [15] [16] [17] [18] [19] [20] [21] .
Although there are various mathematical tools such as fuzzy sets, rough sets, multi-sets, multi-fuzzy sets, intuitionistic fuzzy sets, and type-2 fuzzy sets to deal with uncertainties [22] [23] [24] , there might be some physical problems where the primary membership function may have more than one secondary membership grade with the same or different values. In those particular cases, the existing mathematical tools might not be adequate. That is why we introduce a new concept of type-2 multi-fuzzy sets. Type-2 multi-fuzzy sets are supposedly a new approach which will be an extension of the existing concepts and shall be helpful to deal with problems related to uncertainties. T2MFS is a type-2 fuzzy set whose primary membership function has a sequence of secondary membership values lying in the closed interval [0, 1] . In this paper, we first give definitions of classical multi-sets, multi-fuzzy sets and type-2 fuzzy sets and also provide examples of each.
The main contributions of this article are highlighted as follows:
(i) A type-2 multi-fuzzy set is proposed in this article.
(ii) Some set-theoretic operations of T2MFS, e.g., complement, inclusion, union, and intersection of T2MFS are presented in this article. (iii) Two distance measure: (a) Hamming distance and (b) Euclidian distance are proposed in this study. (iv) A suitable application based on a medical diagnosis system is presented by using the distance measure of T2MFS.
The rest of the paper is organized as follows. Some relevant studies of the literature are surveyed in Section 2. The preliminary concepts of our study are discussed in Section 3. In Section 4, we define type-2 multi-fuzzy set (T2MFS) and give examples. Subsequently, in Section 5, the algebraic operations on T2MFS like complement, inclusion, union, and intersection are discussed. Consequently, in Section 6, set-theoretic properties like idempotency, commutativity, associativity, and distributivity are verified for T2MFSs. In Section 7, we define the two distance measures of T2MFS. We provide a real-life application based on a medical diagnosis system, which applies the concept of type-2 multi-fuzzy sets in Section 8. In Section 9, we conduct a case study based on the application presented in Section 8. Finally, the study is concluded in Section 10.
Literature Review
In this section, we present a brief overview of different variants of the multi-fuzzy set (MFS) which have been proposed in previous studies. The survey, by no means, encompasses all the related researches in the literature. However, some related studies having significant contributions are reviewed.
The concept of MFS has originated as an extension of the fuzzy set [25] , L-fuzzy set [26] and intuitionistic fuzzy set [27] . In a MFS, the membership function is an ordered sequence of ordinary fuzzy membership functions. Here, an element of the universe can repeat itself with possibly the same or different membership values. Motivated by the study of Yager [2] on MFS, several contributions can be observed in the field of multi-fuzzy sets and its variants. Muthuraj and Balamurugan [28] proposed some algebraic structures of multi-fuzzy subgroup and investigated their properties. Sebastian and Ramakrishnan [29] proposed the multi-fuzzy subgroup and normal multi-fuzzy subgroups. Furthermore, various bridge function like lattice homomorphisms, order homomorphisms, L-fuzzy lattices, and strong L-fuzzy lattices have been developed by Sebastian and Ramakrishnan [30] . Subsequently, multi-fuzzy topology was proposed by Sebastian and Ramakrishnan [31] . In addition, a progressive development of MFS can be observed from the contributions of several researchers [32] [33] [34] .
Enlightened by the development of MFS, Dey and Pal [35] proposed multi-fuzzy complex numbers and multi-fuzzy complex sets. Using the concepts of their studies, the authors introduced multi-fuzzy complex nilpotent matrices over a distributive lattice [36] . The authors also developed multi-fuzzy vector space and multi-fuzzy linear transformation over a finite-dimensional multi-fuzzy set [37] .
A multi-fuzzy set (Yager [2] ) is a fuzzy set, where for each element of the universal set there may be more than one membership value. It can be defined mathematically as follows. Let X be a nonempty set. A multi-fuzzy set (MFS) A on X is characterized by a function, count membership of A denoted by C M A such that C M A : X → Q , where Q is the set of all crisp multi-sets drawn from the unit interval [0, 1] . Then, for any x ∈ X, the value C M A (x) is a crisp multi-set drawn from [0, 1] . For each x ∈ X, the membership sequence is defined as the decreasingly ordered sequence of elements in C M A (x). It is denoted by µ 1 A (x), µ 2 A (x), · · · , µ which essentially is a multi-fuzzy set.
The graphical representation of the multi-fuzzy set R is shown in Figure 1 , where we consider x = 3, y = 7 and z = 9. The graphical representation of the multi-fuzzy set is shown in Figure 1 , where we consider = 3, = 7 and = 9. We now discuss some basic operations such as inclusion, equality, union, and intersection of MFSs. Let and be two MFSs defined on .
Inclusion
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where ( ) = ( ; , ) = max{ ( ; ), ( ; )} and ( ; ) = max ∶ ( ) ≠ 0 . We now discuss some basic operations such as inclusion, equality, union, and intersection of MFSs. Let A and B be two MFSs defined on X.
Inclusion
where L(x) = L(x; A, B) = max{L(x; A), L(x; B)} and L(x; A) = max{j : µ j A (x) = 0}. Then, from the definition it is clear that A ⊆ B. 
Equality
A = B ⇐⇒ µ j A (x) = µ j B (x), j = 1, 2, · · · , L(x), ∀ x ∈ X 3.2.3. Union µ j A∪ B (x) = µ j A (x) ∨ µ j B (x), j = 1, 2, · · · , L(x), ∀ x ∈ X 3.2.4. Intersection µ j A∩ B (x) = µ j A (x) ∧ µ j B (x), j = 1, 2, · · · , L(x), ∀ x ∈ X.Then A ∪ B =      (0.8 ∨ 0.6, 0.7 ∨ 0.5, 0.4 ∨ 0.2)/x+ (1.0 ∨ 1.0, 1.0 ∨ 0.9, 0.8 ∨ 0.7, 0.5 ∨ 0.6)/y+ (0.4 ∨ 0.7, 0.3 ∨ 0.6, 0.0 ∨ 0.5)/z      = {(0.8,Here, L(x) = L(x; A, B) max{L(x; A), L(x; B)} = max{3, 3} = 3. Correspondingly, L(y) = max{4, 4} = 4, L(z) = max{2, 3} = 3.
Type-2 Fuzzy Set (T2FS)
A type-2 fuzzy set is a fuzzy set whose membership degree includes uncertainty i.e., membership degree is a type-1 fuzzy set. A T2FS introduces a third dimension to the membership function via the second membership grades. A T2FS A is mathematically expressed as follows according to (Mendel and John [46] )
where 0 ≤ µ A (x, u) ≤ 1 is the secondary membership function and J x is the primary membership of x ∈ X, which is the domain of µ A (x, u). A can be expressed as
where denotes union over all admissible x and u. For a discrete universe of discourse, is replaced by ∑ .
For each value of x, the secondary membership function µ A (x, u) is defined as
such that for a particular u = u ∈ J x , the secondary membership grade of (x, u) is called µ A (x, u).
Example 5: Let the set of infant age be represented by a type-2 fuzzy set A. Let youthness be the primary membership function of A and the degree of youthness be the secondary membership function. Let E = {8, 10, 14} be an age set with the primary membership of the members of E respectively being J 8 = {0.8, 0.9, 1.0}, J 10 = {0.6, 0.7, 0.8}, J 14 = {0.4, 0.5, 0.6}. The secondary membership function of 8 is µ A (8, u) = (0.9/0.8) + (0.7/0.9) + (0.6/1.0), i.e., µ A (8, 0.8) = 0.9 is the secondary membership grade of 8 with primary membership 0.8.
In the same way, µ A (10, u) = (0.8/0.6) + (0.7/0.7) + (0.6/0.8) and µ A (14, u) = (0.9/0.4) + (0.8/0.5) + (0.5/0.6).
So the discrete type-2 fuzzy set A can be represented by 
Type-2 Multi-Fuzzy Sets (T2MFS)
Let X be the universe of discourse. Let A be a type-2 fuzzy set defined on X and u ∈ J x ⊆ [0, 1] be a primary membership value of an element x ∈ X. Then, A is said to be a type-2 multi-fuzzy set if it is characterised by a count function denoted by C A and is defined as C A : J x → Q , where Q is the set of all crisp multi-sets taken from the unit interval [0, 1], which are the secondary membership values of x ∈ X. For each x ∈ X, the secondary membership sequence is defined in decreasing order as
if the universe is discrete, whereas if X is a continuous universe, then A can be written as
Let us illustrate this idea with an example. Thus, is a type-2 multi-fuzzy set. The graphical representation of T2MFS is shown in Figure 2 , where we consider = 3 and = 8. Thus, T is a type-2 multi-fuzzy set. The graphical representation of T2MFS T is shown in Figure 2 , where we consider x = 3 and y = 8.
Again, let us denote the collection of all T2MFSs over the universe X by T2MF(X). When we define operations between two T2MFSs, say A and B, the lengths of their secondary membership
for a particular primary membership value of A (say u) and for a particular primary membership value of B (say u ) should be set to be equal. We hence define the length L(x, u; A) as
For the sake of simplicity, we write L(x, u, u ; A, B) as L(x, u, u ). Let us describe this idea by an example. 
Some Operations on T2MFS
In this section, we discuss four fundamental arithmetical operations: (i) complement, (ii) inclusion, (iii) union, and (iv) intersection of T2MFS.
Complement
Let A be a T2MFS over some universe X. Then, the complement of A denoted by A c is defined as
where v = 1 − u and u is the primary membership function of A. Let us give an example to illustrate this idea. 
Inclusion
Let A and B be two T2MFSs over some universe X. Then we say that A ⊆ B if and only if
where u and u are primary membership functions of A and B, respectively, and µ j A and µ j B are the secondary membership functions of A and B respectively. These two sets A and B are said to be equal if and only if
Let us illustrate this idea by an example. Then applying the above-mentioned definition, we can see that B ⊆ A.
Union
Let A and B be two T2MFSs over the universe X. Then the set C = A ∪ B is defined as 
Intersection
Let A and B be two T2MFSs over the universe X. Then set C is the intersection of A and B where it is denoted as C = A ∩ B and is defined as 
Properties of T2MFS
In this section, we discuss four fundamental properties of T2MFS. Let A, B and C be three T2MFSs over a universe X. Then the following relations hold:
The proofs of (i) to (iii) are obvious. We illustrate these results later by example. We now prove the results (iv) and (v).
Proof of (iv).
Similarly, we can prove that
Proof of (v).
(
Let us illustrate these results by an example. Consequently, the commutative property holds.
Hence, the associative property holds.
As a result, the distributive property holds.
Distance Measures of T2MFS
Let A and B be two T2MFSs. Then we can define the following distances as follows:
(1) Hamming Distance 
Numerical Illustration
Although fuzzy logic is relatively a newer subject than classical mathematical logic, we use the former extensively in our everyday life. We primarily use fuzzy logic in decision-making problems. However, there may be some cases in decision-making where the primary membership function occurs with a sequence of same or different degrees. In that case, we need to use T2MFS to solve the problem. Let us present an example of medical diagnosis after acquiring the necessary information from Reference [38] . Let P = {P 1 , P 2 , P 3 , P 4 } be a set of patients, D = {Viral Fever, Tuberculosis, Typhoid, Throat Disease} be a set of diseases and S = {Temperature, Cough, Throat Pain, Headache, Body Pain} be a set of symptoms. Let us consider the intensity of the disease symptoms to be the secondary membership functions. Now, if we look at one set of data, there is a chance that some errors may occur since we know that at different times during a day the disease symptoms have different intensities. To minimize these errors, we study three different samples at three different times of the day. The details of one such example are provided below.
In Table 1 , each symptom is described by their primary and secondary membership function. For proper diagnosis of each patient, we take samples at three different times in a day say at 8 AM, 2 PM and 9 PM. We use the Euclidean distance measure (cf. Section 6) to calculate the distance between the patients and the diseases. Here, the Euclidean distance is determined between each patient P i from every symptoms S j for each diagnosis
The data reported in Table 2 is of a T2MFS, where the intensity of the symptoms form a secondary membership sequence. Moreover, in Tables 3 and 4 the Hamming distance and the Euclidean distance are determined respectively for each patient from the set of diseases. According to the principle of minimum distance point, a lower distance point indicates a proper diagnosis of a particular disease. While comparing the data reported in Tables 3 and 4 , a similar interpretation is observed. Here, considering both these Tables 3 and 4 , the lowest distance point gives the proper diagnosis, and therefore it can be inferred that patient P 1 suffers from Typhoid and patients P 2 and P 3 suffer from Throat Disease, whereas, patient P 4 suffers from Viral Fever. Hence, out of four patients, we observe that two patients are affected with Throat Disease. In addition, one patient is affected with each of the two diseases, Viral Fever and Typhoid, whereas, none of the patients are diagnosed with Tuberculosis.
Case Study
For the purpose of simulation, we consider a real case study for 500 patients of the Healthcare Hospital situated in Kolkata, India. Subsequently, we consulted with the specialist doctors of the Healthcare Hospital and received their feedback on the 500 patients at three different times in a day.
A patient suffering from a disease, when visiting a hospital, expresses his/her symptoms, e.g., Temperature, Cough, Throat Pain, Headache and Body Pain to a doctor. Based on these feedbacks, the doctor analyzes the disease (e.g., Viral Fever, Tuberculosis, Typhoid and Throat Disease) the patient is suffering from. These symptoms and the disease of the patients are represented in linguistic terms which involves uncertainty. As an example, in a day, the Temperature of a patient can vary in the morning, afternoon and night. Based on these recorded values of the Temperature, the evaluation of different doctors might change as well. For example, if the Temperature of a patient is recorded 100.5 Fahrenheit (F), 100.2 F and 100.7 F respectively in the morning, afternoon and night, then one doctor might analyze that the patient is having Viral Fever, while the other doctor might not agree that the patient is suffering from Viral Fever and often agree to observe the Temperature for some subsequent days. It can be noted here, that a particular symptom of a patient can fluctuate in a day, and based on these fluctuations, the opinion (analysis) of the experts (doctors) also varies for a particular patient. Therefore, in order to incorporate the uncertainties of the symptoms and the diseases rationally, the parameters of the symptom and the disease of a patient are represented as T2MFS. In our study, the necessary information are received from the doctors of the Healthcare Hospital. It should be mentioned here that while receiving specialist doctors feedback, we consider the set of five symptoms and the four diseases as the same, compared to the one considered in the application mentioned in the numerical illustration section. These data are presented in the tables of the supplementary file. Here, Tables 5 and 6 report the data of the Healthcare Hospital which are similar to the corresponding data presented in Tables 1 and 2. Similar to Table 4 , in this case study, we determine the Euclidean distances between patients and diseases. However, instead of the corresponding data of four patients as shown in Tables 2 and 4, Table 6 and Table S1 represent the data of 500 patients. From Table 7 , it is observed that 66 patients are affected with Viral Fever. Two-hundred-and-forty-two patients are suspected to have Tuberculosis; 62 patients are suffering from Typhoid and 130 patients are diagnosed with Throat Disease. 
Conclusions
In this paper, we have tried to extend the concept of multi-fuzzy set theory to type-2 multi-fuzzy sets. The T2MFS may be applied to various applications in daily life. The algebraic properties of these sets have been verified and two types of distance metrics including Hamming distance and Euclidean distance have been discussed. Moreover, a few illustrative examples and a real-life case study of the medical diagnosis system are presented in this article. In the numerical illustration, we measure the Hamming distance and Euclidean distance of each patient for the set of diseases by considering the symptoms of the disease where both types of distance measurements yield a similar diagnostic result. The lowest distance shows proper diagnosis for both the distance measurements. In addition, as an application of T2MFS, the case-study is also conducted on 500 patients undergoing treatment in a hospital.
As far as the limitation of T2MFS is concerned, it is conceptually difficult to define the T2MFS and its necessary algebraic operations in the continuous domain, since the membership functions of such continuous T2MFS will be difficult to represent.
In the future, researchers may attempt to generalize this concept further by studying higher order multi-fuzzy sets in an abstract setting. Also, this research work might be enhancing the study of T2MFS for uncertain group decision-making (GDM) problems by introducing some aggregated operators where GDM is vital due to the lack of information, the expertise of the experts, risk amendment, etc. Besides, the possible extension of T2MFS in various other domains of research including image processing and data mining can be considered as the possible future area of research.
